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Abstract
Let ρ1 and ρ2 be two representations of the fundamental group of an annulus to
the projective unitaries. For each representation as above, there is an associated
continuous holomorphic function algebra. It is known that if the two said representations are equivalent, then the associated function algebras are completely
isometrically isomorphic. This presentation will focus on an equivalence of unitary representations assuming a complete isometric isomorphism of continuous
holomorphic function algebras defined on an annulus, where ρ2 is the trivial representation.

Result

Constructing Cross-sections

Theorem. Let R be an annulus. If Γh(R, Eρ(R)) is completely isometrically isomorphic to
Γh(R, T(R)), then Eρ1 (R) is flat unitarily equivalent to T(R).

In order to execute the proof of the lemma, we need to construct a family of
holomorphic cross-sections to show µU (x) is a constant, we opt to construct
enough holomorphic sections in order to do so. We first consider a section

There are several stages that were done in order to acquire the above result. We are
uncertain about whether the techniques used will extend to other Riemann surfaces and
other representations. The setting for us is as stated in the above result, where R is a
closed annulus. The proof method is by arguing through contradiction. We first take a fixed
diagonalized unitary matrix A ̸= In of size n and use this to define the representation

which we map forward via the isometric isomorphism ϕ : Γh(R, Eρ(R)) →

Γh(R, T(R))
B )(x) = µ (x)σ B (x)µ (x)∗.
ϕ(σU
U
U
U

by ρ(1) = Ad(A).

Notation and Context

(2)

ρ : Z → P Un(C)

Background and Motivation
In operator theory, one unresolved area of exploration is the classification of function algebras. In the context of operators algebras where the domain space of the
operators are a fixed Riemann surface, and the range space is a P Un(C)-bundle,
there are some known results. For any of these particular algebras, there is an
associated linear group representation of the fundamental group of the Riemann
surface into the projective unitary group. What is known is that if the group representations are equivalent, then the algebras they are associated to are equivalent.
The converse is unknown in general which is the aim of our project to illuminate.

B (x) = e−H lnU (x)B(x)eH lnU (x),
σU

With appropriate translation, our goal is to show that the linear transformation defined as
conjugation by the following



· · · µ1,n−1,U (x)
..
... µ

(x)
2,n−1,U

µU (x) := 
...
µn−1,1,U (x) · · ·
µn,1,U (x) · · ·
···
µ11,U (x)



µ1,n,U (x)
µ2,n,U (x) 

..

µn,n,U (x)

(1)

is constant and independent of U . A sufficient condition for this would be if products of the
form µi,j,U (x)µk,l,U (x) are constant for all i, j, k, l ∈ [n] and are the same constant for all
U ∈ U . The construction of the entries of µU (x) and the reason why it is necessary to show
that conjugation by this matrix is constant can be seen in [1].

Notation:

• [n] := {1, 2, . . . , n} for some positive integer n.

Following this representation and using results from [3] we showed
µmj,U (x)µlj,U (x) are constant for all m, l, j ∈ [n].
For the remaining terms we ended up constructing a family of cross-sections
where we used the theory of modulus automorphic functions in [2] to show that
all the µ products are constant. Note the matrix A := diag(a1, . . . , an) is unitary.
As such, we may define Kr,s to be the real number such that e2πKr,s = aars for
n
which r < s for all r, s ∈ [n], and Kr,s = Ks,r if r > s. This provides us with 2
of these K . Define Fn,C(z) := (Cj,k e−Kj,k z )j,k where Cj,k ≡ 0 if j = k . It also
turns out that Fn,C(z) is analytic and equivariant for any choice of constants
Cj,k because

Fn,C(z + 2πi) = A−1Fn,C(z)A.

• For a matrix A, we define Ad(A) as a mapping taking elements X to A∗XA.

(3)

(4)

As before, we can map to the trivial bundle using ϕ as follows to acquire

• Let R be an annulus with boundary in the complex plane.

ϕ(Fn,C(lnU (x))) = µU (x)Fn,C(lnU (x))µU (x)∗

• Let A(R) denote the collection of functions f : R → C such that f is continuous on R and holomorphic on R.

(5)

• Eρ(R) denote a flat matrix P Un(C)-bundle over R where ρ : π1(R) →
P Un(C) is a projective unitary representation of the fundamental group of
R.
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